PSEUDOCOMPACT GROUP TOPOLOGIES WITH NO 
INFINITE COMPACT SUBSETS 



JORGE GALINDO AND SERGIO MACARIO 

Abstract. We show that every AbeUan group satisfying a mild cardi- 
nal inequality admits a pseudocompact group topology from which all 
countable subgroups inherit the maximal totally bounded topology (we 
say that such a topology satisfies property (j). 

Every pseudocompact Abelian group G with cardinality \G\ < 2^ 
satisfies this inequality and therefore admits a pseudocompact group 
topology with property t|. Under the Singular Cardinal Hypothesis 
(SCH) this criterion can be combined with an analysis of the algebraic 
structure of pseudocompact groups to prove that every pseudocompact 
Abelian group admits a pseudocompact group topology with property J. 

We also observe that pseudocompact Abelian groups with property [t 
contain no infinite compact subsets and are examples of Pontryagin re- 
flexive precompact groups that are not compact. 



1. Introduction 

A topological space X is pseudocompact if every real-valued continuous 
function on X is bounded. Pseudocompactness is greatly enhanced by the 
addition of algebraic structure. This fact was discovered in 1966 by Com- 
fort and Ross [9] who proved that pseudocompact topological groups are 
totally bounded or, what is the same, that they always appear as subgroups 
of compact groups. They went even further and precisely identified pseu- 
docompact groups among subgroups of topological groups: a subgroup of a 
compact group is pseudocompact if, and only if, it is G^-dense in its closure 
(i.e., meets every nonempty G^-subset of its closure). 

A powerful tool to study totally bounded topologies on Abelian groups 
is Pontryagin duality. This is because a totally bounded group topology is 
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always induced by a group of characters [B] and Pontryagin duality is based 
on relating a topological group with its group of continuous characters. We 
recall here that a character of a group G is nothing but a homomorphism of 
G into the multiplicative group T of complex numbers of modulus one. 

If G is an Abelian topological group, the topology of uniform convergence 
on compact subsets of G makes the group of continuous characters of G, 
denoted G^, into a topological group. Evaluations then define a homomor- 
phism ac '■ G — )• G^^ between G and the group of all continuous characters 
on the dual group, the so-called bidual group G^^. When ac is a topologi- 
cal isomorphism we say that G is Pontryagin reflexive. It will be necessary 
for the development of this paper to keep in mind that character groups of 
discrete groups are compact groups. Even if it is not relevant for our pur- 
poses we cannot resist here to add that character groups of compact groups 
are again discrete, and that the Pontryagin van-Kampen theorem proves 
that all locally compact Abelian groups (discrete and compact ones are thus 
comprised) are reflexive. 

In the present paper Pontryagin duality will appear both as a tool for 
constructing pseudocompact group topologies and as an objective itself. To 
be precise, this paper is motivated by the following two questions 

Question 1.1 ([3j). Is every Pontryagin reflexive totally bounded Abelian 
group a compact group? 

Question 1.2 ([12j, Question 25 of jl3j). Does every pseudocompact Abelian 
group admit a pseudocompact group topology with no infinite compact sub- 
sets? 

In this paper we obtain a negative answer to Question 11.11 and a positive 
answer, valid under the Singular Cardinal Hypothesis (SCH), to Question 
11.21 The focus of the paper will be on Question 11.21 with the analysis of 
Question 11.11 and its relation with Question 11.21 deferred to Section 6. 

It should be noted, in a direction opposite to Question II. 2| that every 
pseudocompact group admits pseudocompact group topology with nontrivial 
convergent sequences, see |T9]. 

Our approach to Question 11.21 consists in combining techniques that can 
be traced back at least to |25] with the ideas of ^8] . Our construction actu- 
ally produces pseudocompact Abelian groups with all countable subgroups 
/i-embedded. This is stronger (see Section 2) that flnding pseudocompact 
group topologies with no inflnite compact subsets. With the aid of results 
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from [23j this construction will yield a wide range of negative answers to 
Question ll.il As pointed to us by M. G. Tkachenko, Question II. II has been 
answered independently in [Ij. 

On notation and terminology. All groups considered in this paper will 
be Abelian. So, the specification Abelian group to be found at some points 
will respond only to a matter of emphasis. To further avoid the cumbersome 
use of the word "Abelian", free Abelian groups will simply be termed as free 
groups. 

The symbol P will denote the set of all prime numbers. Faute de mieux, 
we will use the unusual symbol to denote the set of all prime powers, i.e., 
an integer A; G P^ if, and only if, k = p^ for some p G P and some positive 
integer n. 

For a set X and a cardinal number a, [X]" stands for the collection of all 
subsets of X with cardinality a. 

Following Tkachenko [25], we say that a subgroup of a topological 
group G is /i-embedded if every homomorphism of H to the unit circle 
T can be extended to a continuous homomorphism of G to T . If G is 
totally bounded and H is /i-embedded in G, then the topology of H must 
equal the maximal totally bounded topology of H (or, using van Douwen's 
terminology, H = H^). 

The cardinal function m{a) will be often used. The cardinal m(a) is 
defined for every infinite cardinal a as the least cardinal number of a G^- 
dense subset of a compact group of weight a. It is proved in [7] that 
this definition does not depend on the choice and therefore makes sense. 
The same reference contains proofs of the following basic essential features 
of m(a): 

log(a) < m{a) < (log(a))'^ and cf(m(Q)) > uj, for every a > co. 

These inequalities have a much simpler form if Singular Cardinal Hypothesis 
(SCH) is assumed. SCH is a condition consistent with ZFC that follows from 
(but is much weaker than) the Generalized Continuum Hypothesis (GCH). 
Under SCH every infinite cardinal a satisfies 

m(a) = (log(a))'^. 

It is well known that every compact group has cardinality 2'^ for some car- 
dinal K. The question on which cardinals can appear as the cardinal of a 
pseudocompact group is not so readily answered. We will say that a cardinal 
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K is admissible provided there is a pseudocompact group of cardinal k. The 
first obstructions to admissibihty were found by van Douwen [^15], the main 
one being that the cardinaUty |G| of a pseudocompact group cannot be a 
strong hmit cardinal of countable cofinality; see pTl Chapter 3] for more 
information on admissible cardinals. 

Most of our results concern constructing pseudocompact group topologies 
on a given Abelian group G. As indicated in the introduction, every pseu- 
docompact group topology is totally bounded and a totally bounded group 
topology T on an Abelian group G is always induced by a unique group of 
characters H C Hom{G,T ), [8l[9]. To stress this latter fact we will usually 
refer to T as T^. Recall that the topology is Hausdorff if, and only if, 
the subgroup H separates points of G. 

We have also introduced above the symbol G^ to denote the group of 
all continuous characters of a topological Abelian group equipped with the 
compact-open topology. We will use in this context the subscript d to 
indicate that G carries the discrete topology. Thus (Gd)^ equals the set 
Hom{G, T ) of all homomorphisms into T . Being a closed subgroup of T '-' , 
(Gd)^ is always a compact group. 

Several purely algebraic notions from the theory of infinite Abelian groups 
will be necessary, as for instance the notion of basic subgroup and the related 
one of pure subgroup. We refer to for the meaning and significance of 
these properties. As usual, the symbol t{G) stands for the torsion subgroup 
of the group G and ro{G) denotes the torsion- free rank of G. 

2. The dual property to pseudocompactness 

The following theorem is at the heart of the relationship between questions 
[Qlandfm 

Theorem 2.1 ([23]). Let {G,Th), H C Hom(G,T), be a Hausdorff Abelian 
totally bounded group. {G, Th) is pseudocompact if, and only if, every count- 
able subgroup of {H,Tq) is h-embedded in (Gd)^- 

Definition 2.2. We say that a topological group G has property (J if every 
countable subgroup of G is /i-embedded in G. 

Thus property jj is, in the terminology of [23j, the dual property of pseu- 
docompactness. 

The relation between property jJ and Question 11.21 is clear from the fol- 
lowing Lemma. Although a combination of Propositions 3.4 and 4.4 of |23] 



PSEUDOCOMPACT GROUPS 



5 



would provide an indirect proof, we offer a direct proof for the reader's 
convenience. 

Lemma 2.3. Let {G,Th) denote a totally bounded group with property ft- 
Then (G, Th) has no infinite compact subsets. 

Proof. We first see tliat all countable subgroups of G are Tij-closed. Suppose 
otherwise that x G cI(^g,Th) ^ \ ^ with a countable subgroup of G. The 
subgroup N = {N U {x} ) is also countable and, by hypothesis, inherits its 
maximal totally bounded group topology from (G, Th)- Since subgroups are 
necessarily closed in that topology, it follows that is closed in A^, which 
goes against x G N \ N. 

Now suppose K is an infinite compact subset of G and let S C K be 
a countable subset of K. Define G = {S) and denote by G and (G, Th) 
the completions of & and {G,Th) respectively. Since (S) is /i-embedded 
the identity function j : G" — )• {G,Th), extends to a topological isomor- 
phism J: bG — 7> {G,Th)- Then J (cl^g S) = cl ^~ ^ ^ j{S) C K, therefore 
cljQ-:jr-j j (S) = cl^^ j-^^ S and, it follows from the preceding paragraph that 

But a well known theorem of van Douwen [16] (see also j20J and The- 
orem 9.9.51] for different proofs and [21] for extensions of that result) states 
that I cl^j.^^ S\ = 2^ and therefore it is impossible that j(cl^g S)S C (S). □ 

We establish next some easily deduced permanence properties. 

Proposition 2.4. The class of groups having property is closed for finite 
products. 

Proof. Let Gi and G2 be two topological Abelian groups with property ft 
and let A^ be a countable subgroup of Gi x G2. Let /i be a homomorphism 
from A^ to T. By considering an arbitrary extension of h to GiX G2 we may 
assume that h is actually defined on Gi x G2. Since both 7ri(A^) and it2{N) 
are countable there will be continuous homomorphisms hi/. Gi ^ T , i = 1,2, 
with hi{x) = h{x,0) and h2{y) = h{0,y) for all x G 7ri(A^) and y E vr2(A^). 
The homomorphism h: Gi x G2 — )• T given by h{x, y) = hi{x) ■ h2{y) is then 
a continuous extension oi h. □ 

Lemma 2.5. Let tt : K ^ L be a continuous surjection between two compact 
Abelian groups K and L and suppose that N is a subgroup of L that, as 
subspace of L, carries the maximal totally bounded topology. If M is a 
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subgroup of K such that t^]^ is a group isomorphism between M and N, 
then M also inherits from K the maximal totally bounded topology. 

Proof. Denote by and 7^ the topologies that M inherit from K and 
L respectively (the latter obtained through tti^j^). Since tt is continuous, 
the topology 7^ is finer than 7^, but 7^ is the maximal totally bounded 
topology, therefore 7^ = 7^ • □ 

3. Property ft on torsion-free and bounded groups 

We will make a heavy use of powers of groups in the sequel. If cj is a 
cardinal number, K" stands for such powers. We use calligraphical letters, 
to denote sets of coordinates, that is, subsets of a. If I? C a, we will denote 
by vr-^ the projection from K'^ to , if no confusion is possible we will 
simply use ttxi. 

Lemma 3.1. Let G be a metrizable group and let a > c and a be cardinal 
numbers with m{a) < a, and < a. 

Then there exists an independent Gg -dense subset D C G'^ with cardinality 
m{a), D = {drj : r) < m{a)}, and two families of sets of coordinates {So ■ G 
[a]'^}, {Mr] '■ T] < a\ d a such that: 

(1) \Se\=cJ. 

(2) SenSe, = ^, ife^e'. 



(3) 



a for every 9 G [a]'^. 



(4) Every subset {5,,: rj < a} of G" with 7r^^(5r?) = T^MnW, for all 
rj < a is Gs-dense. 

Proof. Let A/3 = {a^: 7 < cr} be a set with |^^| = a and consider the 
disjoint union A = |J^^^^^. Wc identify with G-^ and a with [c]"^ x 
a. Since a'^ < a, we can as well decompose each Ap as a disjoint union 
Aj3 = Ap Q of sets of cardinality \A^ ^| = cr. 

For each A'" G [c]'^, let next Fjv = {f(N,ri)- < a} be an independent 
G^-dense subset of the product Q^''^'^'^'' (note that m{a) < a and that G 
is metrizable). Assume that each f(N,r)) actually belongs to G"^ by putting 

^^,(/(iV,^)) = 0if7^A^- 

We now order a = [c]'^ x a lexicographically and define the sets Nj^, 
rj e [c]'^ X a and Sg, 9 G [[c]'^ x a]'^. For rj = {N,ri) G [c]'^ x a define 
A/(jv,„) = U-yeN-^,?! and given = {(A^fe,??^): k < u, {Nk,rik) G [c]'^ x a}. 
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we define 5g- = A^^^ g- where /3o is such that (3 € Nk for some k, implies 
/? < /3o (recall that c has uncountable cofinality). By construction of the 
sets Q, we have S^nSg, = 0, when 9 ^ 0'. Condition (3) obviously holds, 
since 5g- and \J~^gM^ are even disjoint. 

Define finally D = {f^: rj £ [c]"^ x a} = UArg[c]^F/v. 

Suppose D = {gjj-. rj G [c]'^ x a} is such that 7r^__(gj^) = 7r^__(/^), for all 
rj G [c]"^ X a. 

To check that D is indeed G^-dense we choose a G^-subset U of . 
There wih be then N = {«„: n < oj} e [c]"^ and a G^-set F C G^'^"" 
such that {x G G-^ : 7ru„^„^ (a;) G V for each n < cj} C ?7. Since Fjy is G^- 
dense in G^i^N-A-, _ QUnAa„^ there will be an element f(N,ri) ^ Fn with 
T^u„Ac.„{f{N,ri)) G V for every a„ G A^. 

As g(N,Ti) ^iid /(Af,?;) have the same U^g7v-^7-coordinates, we conclude that 

If X is a homomorphism between two groups Gi and G2 and cr is a cardinal 
number, we denote by the product homomorphism x" '■ GI — > G2 defined 
by X"{{9r,)ri<a) = (x(9r,))r,<f7 • It is easily verified that, for any P C a, the 
projections vr^' : Gf Cff , i = 1,2 satisfy 

Corollary 3.2. Let x- Gi — t- G2 be a surjective homomorphism between 
two metrizable groups Gi and G2 . If cr and a are cardinal numbers with 
m{a) < a and < a, then it is possible to find an independent Gg-dense 
subset D of GI satisfying the properties of Proposition \3.1\ such that in 
addition x^{D) is an independent subset 0/G2. 

Proof. It suffices to repeat the proof of Lemma [3. II taking care to choose the 
sets -Fat in such a way that x^''^'^'^'' (P'n) is also independent. □ 

Proposition 3.3. Let x: G — )• T be a surjective character of a compact 
metrizable group G. If a and a are cardinal numbers with m{a) < a, and 
< a, then the topological group G*^ contains an independent Gs-dense 
subset F of cardinality a such that F and x^i^) generate isomorphic groups 
with property jj. 

Proof. We begin with a G^-dense subset of G'^ , D = {d^: rj < a}, with the 
properties of Lemma 13.11 and Corollary 13.21 We have thus two families of 
sets {Se, : G [a]"^}, {A/"^, : rj < a} C a with the properties (1) through 
(4) of that Lemma. 



8 



JORGE GALINDO AND SERGIO MACARIO 



Next, for every 6 G [a]^ , we choose and fix a set of coordinates Vq C a of 
cardinality jPej = a in such a way that 

(recall that by Lemma ISTTl Sg \ [jj^^gJ^r/^ = c) 

Given each 9 G [a]'^ , we consider the free subgroup {x^{dr^): r] G 6) and 
equip it with its maximal totally bounded topology. Denoting the resulting 
topological group as {x^{drj): r] G 0)\ and taking into account that it has 
weight c, we can find an embedding 

3e: r/G0)»-^T^«. (3.1) 

For each 6 G [a]*^ and each t] G 6, let gri^g denote an element of G^^ with 
X^'^{9v,d) = jeix^ (drj))- Observe that the set {gri,e- rj £ 9} is independent. 
We finally define the elements r/ < a, by the rules: 

^Vgifv) ~ dnfii if ^ £ M'^ is such that rj £ 9, and 
7r^(/^) = TT^{dr,) if 7 ^ X'e for any 9 G [a]^ with r? G 6^. 

Let us see that F = {/^ : r] < a} satisfies the desired properties: 
(1) F and x"{P) o-re independent. Suppose that YlT=i '"'kf-Qk = with 



nfc G Z. Choose then 9 G [a]'^ with 771, ... , rjm, G 9. Since Tr-p^ifi 



grj,,fi and the set {g-qfi : 77 G 0} is independent, the independence of F 
follows. Since T^Veix" {fri)) = X^^{9v,d)^ X^i^") is also independent. 
It is easy to see, now, that {F) and {x'^{F)) are isomorphic. 

(2) The subgroup {x"{F)) has property [J. Let be a countable subgroup 
of {x'^iF)). Let 9 G [af' be such that N C {x^ifr^) - r? G 0) and 
define Nq := {f^: r] e 9). 

Observe finally that vr|,^(iV) = x^''(7rg^(iVe)). This last sub- 
group is just jo {{x"{dri) r] G 9)) and the latter carries by construc- 
tion its maximal totally bounded topology, since the restriction of 
vr^^ : T T to is a group isomorphism onto vr^^ (A^) = 

X^''iTT§g{Ng)), Lemma [231 applies. 

(3) (F) has property t|. Take vr = x*^, K = G" and L = T'^. Bearing in 
mind that the restriction to {F) is an isomorphism because F and 
X^{F) are independent sets, Lemma 12.51 applies again. 

(4) F is a Gs-dense subset of G'^ . Observe that, for every rj < a, 
coincides with on the set of coordinates A/",,, for Vg Sq\\^ Afrj. 
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Since D has the properties of Lemma 13. 1^ we conclude that F is 
G^-dense. 

□ 

Proposition 3.4. Let a and a be cardinal numbers with m{a) < a, and 
< a. The topological group TL(j)Y contains an independent Gs -dense 
subset H with property (j. 

Proof. Proceed exactly as in Proposition 13.31 and construct an embedding 
into ^^[pY . To obtain the (j-property we identify countable subgroups with 
Bohr groups of the form (©tjZ(p))''. □ 

4. The algebraic structure of pseudocompact Abelian groups 

We obtain here some results on the algebraic structure of pseudocompact 
that will be useful in the next section. The first of them is inspired (and 
shares a part of its proof) from the first part of the proof of Lemma 3.2 
of We sketch here the proof for the reader's convenience. We thank 
Dikran Dikranjan for pointing a misguiding sentence in a previous version 
of this proof. 

Lemma 4.1. Every Abelian group admits a decomposition 

I \ 

yp'=gpj7(p'=) I 

where is a finite subset of and H is a subgroup of G with 

\nH\ = \H\, for all n G N. 

Proof. Decompose t{G) = 0pGp as a direct sum of p-groups Gp and let Bp 
denote a basic subgroup of Gp for each p. This in particular means that Bp 
is a direct sum of cyclic p-groups, 

Bp = ® Bp^n with ^ Z(p") 

and that Gp/Bp is divisible. Define V = {\Bp^n\ - P"^ e P"^}. If V has 
no maximum or Pq = maxT> is attained at an infinite number of |-Bp^„|'s 
we stop here. If, otherwise, /3o = maxP = |-Bp^,nil = ... = {Bp^^nA and 
\Bpj^nj \ < for all the remaining p^^ G P^ we repeat the process with the 
set T) \ \Bp^^ni\- After a finite number of steps we obtain in this manner a 
finite collection of cardinals F <ZT> such that either: 



10 



JORGE GALINDO AND SERGIO MACARIO 



(1) Case 1: the supremum /3 := sup {V \ F) is not attained, or 

(2) Case 2: the supremum (3 := sup {T> \ F) is attained infinitely often, 
i.e., there is an infinite subset / C with |-Bp,n| = /3 for all € /. 

Define Pq = {p" € P^ : | -Bp.nl £ F} (observe that Pj is necessarily finite), and 
set "){pI^) = \Bp^.^rn:\ if Pk'' ^ IPq- Since the subgroups Bp^^^n^, are bounded 
pure subgroups, there will be [TTl Theorem 27.5] a subgroup H oi G such 
that 

For each prime p, consider ap-basic subgroup Bp^n = ®nBp^n,H of Hp, the 
p-part of t{H), it is immediately checked that either Bp^n itself (if p ^ Pg) 



^^"^ is also p-basic in G. 



or Bp^H ©p^fcgpt ®7(p;:*) (if P e . o; 

Since different basic subgroups are necessarily isomorphic [171 Theorem 



35], we have that Bp^u or Bp^u ^k^J; 



is isomorphic 



Pk=p 



to -Bp. We have therefore that, for each p, either sup \Bp^n,H\ is not attained 
(case 1 above) or attained at infinitely many p"'s (case 2). 

Let now n be any natural number. Then \nBp^^nk,H\ = \Bpf.^nk,H\ unless 
divides n. Since this will only happen for finitely 's, we conclude, in 
both cases 1 and 2 that \nBp}{\ = {Bp^nl- 

Using that -Bp,H is pure in Hp and that Hp/Bp^n is divisible we have that, 



\nHn 



nHn 



nB 



n 



Hn 



+ |"-Bp 



B. 



p,H 



IB 



P,H\ 



Hr, 



5, 



p,H 



+ |-Bp,_H"| = \H. 



PI- 



Since |-ff| = '^pHp + rQ{H)\ for every infinite group H and rQ{nH) = rQ{H) 
we have finally that |-H^| = \nH\, for every n (zZ. □ 

The terminology introduced in the next definition is motivated, in the 
present context, by Theorem 14.41 below. 

Definition 4.2. If G is an Abelian group, the set Pg of Lemma l4. II can be 
partitioned as Pj = P| U P^ with p^' € f\ if, and only if, 7(p"*) > ro(G). 
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The cardinal numbers 7(p"') with p"' € P| will be called the dominant 
ranks of G. 

Lemma 4.3. If G is a nontorsion pseudocompact group, then there is a 
positive integer such that: 

m{w{nG)) < ro(nG) < 2"'("^). (4.1) 

Proof. If nG is metrizable for some n G N, then nG is a compact metrizable 
group. Therefore ro(nG) = c and the inequalities in (j4.ip hold for this n. 

If nG is not metrizable for any n G N, then G is, in the terminology of 
[lUj . nonsingular. Combining Lemma 3.3 and Theorem 1.15 of [TU], there 
must be n G such that rQ{nG) is the cardinal of a pseudocompact group 
of weight ?i;(nG). Therefore 

m{w{nG)) < ro(nG) < 2"'("^). 

□ 

Theorem 4.4. Let G 6e an Ahelian group. If G admits a pseudocompact 
group topology, then G can he decomposed as 



G 



z(/) I e Go 



where 7(Pj'), G P|, are the dominant ranks of G and there is a cardinal 
uJd{G) such that 

m{cJd{G)) < ro(G) < |Go| < 2^"^^^ (4.2) 

Proof. Since every pseudocompact torsion group must be of bounded order, 
the theorem is trivial (and vacuous) for such groups, we may assume that 
G is nontorsion. 

Decompose G as in Lemma l4.ll 

\ 

^p*ePj'>'(p'°) J 
with Fq a finite subset of and 

\nH\ = \H\ for ah n G N. 
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Split = P| U as in Definition [O] and define 

We will prove that the inequalities 14.21 hold for Wii{G) = w(nGo). 
Lemma 14.31 proves that there is some n G N with 

m{w{nGo)) < ro(Go) < 2'^("^«). (4.3) 

If I Go I = jiPi^) for some € P2, it follows from the definition of that 
|Go| = ro{G) and 1^ is deduced from g3]). If, otherwise, |Go| = \H\, 
then |nGo| > \nH\ = \H\ = \Go\ and we deduce that |Go| = \nGo\ and 
thus that |Go| < 2"'("<^o). This together with (gJD gives again (fOj) with 
Wd{G) = w{nGo). □ 

Remark 4.5. The cardinal Wd{G) used in Theorem 14.41 is precisely the divisi- 
ble weight of G that was introduced and studied by Dikranjan and Giordano- 
Bruno [lOj . We refer the reader to that paper to get an idea of the important 
role played by the divisible weight in the structure of pseudocompact groups. 
One of its applications (Theorem 1.19 loc. cit.) is to prove that r'o(G) is an 
admissible cardinal for every pseudocompact group G, a fact first proved by 
Dikranjan and Shakhmatov in [14J . 

5. Pseudocompact groups with property ji 

The results of the previous sections will be used here to obtain sufficient 
conditions for the existence of pseudocompact group topologies with prop- 
erty tt- 

Lemma 5.1. Let tt: Gi — )• G2 be a quotient homomorphism between two 
Abelian topological groups Gi and G2 and let L be a compact Abelian group. 
Assume that the following conditions hold: 

(1) Gi contains a free Gs-dense subgroup Hi such that Hi and 7r{Hi) 
are isomorphic and have property jj. 

(2) Gi contains another free subgroup H2 such that Hi Ci H2 = {0}, 
Hi + H2 and ■7t{Hi + H2) are isomorphic and have property ft- 



(3) m{w{L)) < \H 



2 



Under these conditions the product Gi x L contains a Gg-dense subgroup H 
such that both H and it (pi{H) I have property ft, where pi: Gi x L ^ Gi 



denotes the first projection. 
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Proof. We first enumerate the elements of Hi and H2 as Hi = {f^ : k < (3} 
and H2 = {gr]'- 1] < a}. Since m{w{L)) < a = \H2\, we can also enumerate 
a G^-dense subgroup D oi L (allowing repetitions if necessary) as D = 
{dr^ : T] < a}. We now define the subgroup H oi Gi x L as, 

H = {{f^+ gri, dr,): 7] < a,K < ^) . 

It is easy to check that H isa G^-dense subgroup of Gi xL with Hn{0}xL = 
{(0,0)}. 

Since the homomorphism pi is continuous and establishes a group isomor- 
phism between H and Hi + H2, Lemma 12.51 shows that H has property [j. 
The same argument applies to the group vr (^pi{H)^ = tt{Hi + H2). □ 

Definition 5.2. Let a > u he a cardinal. We say that a satisfies prop- 
erty (*) if: 

there is a cardinal k with < a <2'^ (*) 

Every cardinal a with = a satisfies property Q. This condition is 
equivalent to the condition {m{a))^ < a. 

To apply Lemma |5. II we need the following result: 

Theorem 5.3 (Theorem 4.5 of [1]). Let G = (G, 7i) he a pseudocompact 
Abelian group with w{G) = a > uj, and set 

a = min{ro(A^) : N is a closed Gg-subgroup of G}. 

If < a and if X>uj satisfies m{X) < a, then G admits a pseudocompact 
group topology T2 such that w{G,T2) = a + A and Ti\J T2 is pseudocompact. 
Moreover, every closed Gs-subgroup of (G,Ti) is Gg-dense (G, 72). 

Corollary 5.4. Let a, a and A be cardinals with < a and m(A) < a. If 
H is a free, dense subgroup ofT"^ with property [| and cardinality a, then 
T'^ contains another subgroup H2 with H H H2 = {0}, \H2\ = X + a and 
such that H + H2 has property jj . 

Proof. Let F(a) denote the free Abelian group of rank a. We apply Theo- 
rem [5i3] to the pseudocompact group {F{a),TH) defined by H. We obtain 
thus a pseudocompact topology TJj^ on F{a) induced by a subgroup H2 of 
T'^ of cardinality \H2\ = a + X such that Th V "7^2 ~ "^+^2 pseudocom- 
pact. By Theorem 12. II the subgroup H + H2 has property (j and, since closed 
G^-subgroups of Th are G^-dense in , we also have that HriH2 = {0}. □ 



14 



JORGE GALINDO AND SERGIO MACARIO 



Theorem 5.5. Let G be a pseudocompact Abelian group with dominant 
ranks 7(Pi^), • ■ ■ ,i{pI'') and suppose that 7(p"'), 1 < i < A;, satisfy prop- 
erty Q. If r(j{G) also satisfies property Q for some k with m{\Go\) < 2^ , 
then G admits a pseudocompact topology with property jj. 

Proof. Decompose, following Theorem 14.41 G as a direct sum 

\7{Pi ^ ) 7{Pfc* ) / 

Let F denote a free Abelian group of cardinality ?'o(G) contained in Go and 
denote by D{F) and D{t{Go)) divisible hulls of F and t(Go), respectively. 
There is then a chain of group embeddings (here we use |T7l Lemmas 16.2 
and 24.3]) 



F ^ Go ^ D{F) (B DitiGo)) (5.1) 

Denote by x the quotient homomorphism obtained as the dual map of 
the canonical embedding Z ^ Q. Observe that identifying F with (BrQ{G)'^ 
and D{F) with ©ro(G)Qj dual map of j2 o ji is exactly x'^°^'^'^ ■ 

Taking a = ro(G), G = and a = , we can apply Proposition 13.31 to 

. / \ ro{G) 

get a G5-dense subgroup Hi of {D{F)d) = [Qd) ^^^^ l^il = ^'^ ^nd 



such that Hi and x^^^^HHi) are isomorphic and have property jj (notice 
that k'^ and ro(G) satisfy the hypothesis of that Proposition). 

We now apply Corollary 15.41 to x''°^'^\Hi) to obtain another free sub- 
group H!^ of T^'oC^) with x^'^^'^H^i) ^ H!^ = {0}, = 2'^ and such that 
X^'-^^'^\Hi) + H2 has property [J. By lifting (through x^'^^'^'^) the free gener- 
ators of H2 to (L'(F)rf)^, we obtain a free subgroup -fr2 of {D{F)c[)^ such 
that Hi n H2 = {0} and |i?2| = 2". Clearly i^i is isomorphic to 

X'^°^'^\Hi) + H2 and therefore i/i -|- H2 has property ji by Lemma 12.51 

We finally apply Lemma [5. 11 The role of Gi x L is played by {D{F)fi)^ x 

D{t{Go))d ; G2 is here identified with jMG) ^nd vr is ^''''^'^^ LemmaO 



then provides a G^-dense subgroup H of |^D(F)dJ x |^L'(t(Go))dJ such 

that both H and x^°^'^Hpi{H)) have property (j. This subgroup generates a 
pseudocompact topology T~ on D{F)Q)D{t{Go)) with property (j that makes 
F pseudocompact (the induced topology on F is just the topology inherited 
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from x''°^^Hpi{H))). Since Go sits between F and D{F) D{t{Go)), it 
follows that the restriction of T~ to Go is pseudocompact and has property [j. 
By Proposition Ea the bounded group Z(j9'^i)0--- 

a(p"i ) aipl'' ) 

also admits a pseudocompact group topology with property (t and the theo- 
rem follows. □ 

Dikranjan and Shakmatov |12j prove under a set-theoretic axiom called 
Vk (that implies c = ui and 2*^ = k with k being any cardinal k > UJ2) 
that every pseudocompact group of cardinality at most 2'^ has a pseudo- 
compact group topology with no infinite compact subsets. It follows from 
Theorem 15.51 that the result is true in ZFC, even for larger cardinalities. 

Corollary 5.6. Let G be a pseudocompact Abelian group of cardinality \G\ < 
2^". Then G admits a pseudocompact topology with property fj (and thus a 
pseudocompact topology with no infinite compact subsets). 

Proof. Since a pseudocompact group with ro(G) < c is a bounded group it 
will suffice to check that every cardinal a with a < 2^' satisfies property 
Q. Theorem 15.51 will then be applied. We consider the following two cases: 

Case 1: c < a < 2^ In this case we put k = t. 

Case 2: a > 2^ Choose k = 2' for this case. 

Observe that in both cases |m(|G|)| < 2'^ and hence that all hypothesis 
of Theorem 15.51 are fulfilled. □ 

By van Douwen's theorem [15], a strong limit admissible cardinal must 
have uncountable cofinality. Under mild set-theoretic assumptions this im- 
plies that admissible cardinals must have property Q. It suffices, for in- 
stance, to assume the Singular Cardinal Hypothesis SCH. 

Theorem 5.7 (Theorem 3.5 of [6] and Lemma 3.4 of [11]). // SCH is as- 
sumed, then every admissible cardinal has property Q. 

Combining Theorem 14.41 and Theorem 15.51 it turns out that, under SCH, 
every pseudocompact group admits a pseudocompact group topology with 
property fj. 

Theorem 5.8 (SCH). Every pseudocompact Abelian group G admits a pseu- 
docompact group topology with property jj. 

Proof. Let 7(p"^) > • • • > liPk') be the dominant ranks of G. Then |G| = 
7(p"^) and, 7(^5"^) is admissible. Since we can assume that Ui < nj when 
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j > i and pi = pj, piG will be a pseudocompact group of cardinality \piG\ = 
7(^2^). Proceeding in the same way we obtain that the dominant ranks 
are admissible cardinals. By Theorem 15.71 all these cardinals must satisfy 
property Q. Theorem S3] shows, on the other hand, that the cardinal ro(G) 
is also admissible and, actually: 

mK(Go)) < ro(Go) = ro(G) < |Go[ < 2^'^^^^^ 

In order to apply Theorem 15.51 and finish the proof, we must show that rQ{G) 
also satisfies property Q for some cardinal k with m(|Go|) < 2*^. 
We have two possibilities: 

Case 1: m{wd{Go)) < ro(G) < (wdiGo))'^ ■ In this case, we put k = 
log{wd{Go)). Then, bearing in mind that, under SCH, we have m{a) = 
(log(Q))'^ for every infinite cardinal a, we get: 

= (^log{wdiGo))^ = m{wd{Go)) < ro(G) 

and ^ 

ro{G) < {wdiGo))"' < (^2i°g("'<^(Go))^ = (2^^)-^ = 2^ 

So property Q is checked. On the other hand, 

m(|Go|) < m(2"''*(^°)) = (^log(2-<^(^«))y < («;rf(Go))" < 2'^ 

Case 2: (u'd(Go))'^ < ro(G) < 2"''^('^o). In this case, property Q and 
condition m(|Go|) < 2'^ are obviously fulfilled with k = Wd{Go). □ 

Theorem 15.81 relies quite strongly on SCH. It uses the construction of 
Theorem 15.51 made applicable to all admissible cardinals by Theorem 15.71 
We do not know whether SCH is essential for Theorem 15.81 i-^-, whether the 
theorem is true for pseudocompact groups whose cardinal does not satisfy 
property Q. 

Indeed, admissible cardinals not satisfying property Q are hard to find in 
the literature. The following (consistent) example, suggested to us by W.W. 
Comfort and based on a construction due to Gitik and Shelah, produces one 
such cardinal. We refer to Remark 3.14 of the forthcoming paper [S] for 
additional remarks concerning the Gitik-Shelah models. This same paper 
contains related results concerning the cardinals m{a) and, more generally, 
the density character of powers of discrete groups in the K-box topology. 

Example 5.9. A pseudocompact group G whose cardinality does not satisfy 
property Q. 
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Proof. Gitik and Shelah, [22], construct a model where m(K^) = Ka;+i while 
2^1^ _ = This means that the compact group {1,-1}^" has a 

G^-dense subgroup G of cardinality |G| = ^^w+i- Let us denote for simplicity 

Suppose that a satisfies property Q. There is then a cardinal k with 

k'^ <a< 2"^. (5.2) 

Since > (H^^)'^ = f(uj+2 > a, we see that k'^ ^ a. It follows then from 
([521) that k'^ <K < 'i"- But then m(^(^) < m(2'') < k"^ < b^^;, whereas, 
by construction, m(Htj) = H^j+i- This contradiction shows that a does not 
satisfy property Q. □ 

6. Property ft and the duality of totally bounded Abelian 

GROUPS 

Pontryagin duality was designed to work in locally compact Abelian 
groups and usually works better for complete groups. This behaviour raised 
the question (actually our first motivating Question II. ip as to whether all 
totally bounded reflexive group should be compact, |3]. We see next that 
this is not the case. 

Theorem 6.1. If a pseudocompact Abelian group contains no infinite com- 
pact subsets, then it is Pontryagin reflexive. 

Proof. Let G = {G, Th) be a pseudocompact group with no infinite compact 
subsets. The group of continuous characters of G is then precisely H and 
since G has no infinite compact subsets, the topology of this dual group will 
equal the topology of pointwise convergence on G, therefore G^ = {H,Tq) 
(see in this connection [24] )• By Theorem 12.11 {H,Tq) must be again a 
totally bounded group with property (j and hence with no infinite compact 
subsets, the same argument as above then shows that G^^ = (if, 7^)^ = 
(G, Th) and therefore that G is reflexive. □ 

This last theorem combined with Lemma 12.31 and the results of Section 5 
provides a wide range of examples that answer negatively Question 11.11 
This question has also been answered independently in [1] where another 
collection of examples has been obtained. 

Corollary 6.2 (SCH). Every infinite pseudocompact Abelian group G sup- 
ports a noncompact, pseudocompact group topology Th such that {G,Th) is 
reflexive. 
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Corollary 6.3. Every infinite pseudocompact Ahelian group G with \G\ < 
2^' supports a noncompact, pseudocompact group topology Th such that 
(G, Th) is reflexive. 
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